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Abstract 

In this paper we develop a model to quantify spatial variability in indigenous soil nutrient supply and 
assess the impact of this heterogeneity on fertilizer use efficiency with uniform or site-specific nutrient 
application. Utilizing field data for wheat and rice response to applied N and cotton response to applied 
Ks, the model predicts that the magnitude of the difference in the nutrient input requirement of a 
heterogeneous field for site-specific versus uniform nutrient application depends on (1) a curvilinear 
crop response to nutrient supply and the mathematical form of the response function, (2) the degree 
and spatial distribution of the nonuniformity in native soil-nutrient supply as quantified by its variance 
and skewness, (3) the targeted yield level, and (4) the effectiveness of fertilizer-nutrient addition, 
quantified by the slope of the relationship between the net increase in actual nutrient supply available to 
the crop and the quantity of applied nutrient. 

Introduction 

Commercial production of agronomic crops in 
the USA is mainly practiced on an extensive 
scale. Single fields that are managed as a unit 
often exceed 50 ha. Within such large fields, the 
nutrient supplying capacity of soil (hereafter 
called the indigenous nutrient supply) may vary 
markedly as a result of landscape position and 
erosion in rainfed systems, and soil leveling op- 
erations on irrigated land. Despite such hetero- 
geneity, present soil fertility management relies 
on uniform application of fertilizer-nutrient in- 
puts to correct crop nutrient deficiencies. 

Variable application rates to match the nu- 
trient input requirements of different locations 
within a nonuniform field have been proposed to 
improve fertilizer use efficiency [13]. Develop- 
ment of field equipment to achieve this capability 
is in progress. There is a need, however, for a 

theoretical framework to assess the economic 
benefit from site-specific nutrient application to a 
heterogeneous field. 

Although there is a considerable body of li- 
terature on statistical methods for the measure- 
ment and description of spatial variability 
[1, 7, 9, 13], the effect of soil heterogeneity on 
crop yields, output/input efficiency, and 
economic return has received less attention. In 
studies that evaluated these performance param- 
eters, heterogeneity was found to decrease 
economic return [6] and biological efficiency 
[14, 16] from applied inputs compared to returns 
and efficiency in a homogeneous field. 

The object of this paper is to present a 
theoretical basis for evaluating yield and fertil- 
izer-nutrient utilization efficiency (FUE, defined 
as the ratio of Ayield/Anutrient input) in relation 
to the degree of spatial variability in the indigen- 
ous nutrient supply. We define the indigenous 
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supply as the quantity of nutrient that the crop 
derives from soil, although this quantity may 
change with fertilizer addition. The model we 
develop couples a probabilistic characterization 
of spatial variability in soil nutrient availability 
with a crop yield response function to indigenous 
and applied nutrient supply so that yield and 
FUE from uniform versus site-specific nutrient 
application methods can be compared. Several 
case studies are used to illustrate the model 
output, and to identify the dominant factors that 
influence crop response to applied nutrient in a 
heterogeneous field. 

Materials and methods 

Development of the model 

Let x be the coordinate vector of a point in a 
field, and let z(x) be the indigenous nutrient 
supply of a particular nutrient at that point. Soil 
nutrient status may vary with position due to 
both deterministic and random influences [10]. 
Whatever the source of variation, however, 
statistics associated with indigenous nutrient sup- 

p ly ,  such as its mean, variance, and coefficient of 
skewness, may be computed as if z(x) were a 
random variable. Our approach in this paper is 
to avoid explicit representation of z on x, and 
instead focus on the frequency distribution of 
indigenous soil nutrient supply. 

Let f(z) represent the frequency distribution 
of z over the entire field. The quantity f (z)dz 
represents the fraction of the field with a native 
soil-nutrient level between z and z + dz. The 
mean indigenous nutrient supply is then £, given 
by 

b 

Z= Ez{Z } = j zf(z) dz ,  (1) 
a 

where a and b are the minimum and maximum 
values of z in the field. 

To evaluate the logistics and economies of 
site-specific management the actual spatial struc- 
ture of indigenous nutrient supply must be con- 
sidered rather than merely its frequency dis- 
tribution as given above. If we restrict our atten- 

tion, however, to the effect of spatial variability 
on the mean yield of the whole field when fertil- 
izer is applied uniformly, then only its frequency 
distribution needs to be considered. 

We make the assumption that all other soil 
properties and crop management are homoge- 
neous within the field except the indigenous 
nutrient supply. Let r represent the fertilizer (kg 
nutrient ha -1) applied to the field. Let Y(z, r) 
represent the crop yield (kg ha -1) at any location 
in the field where the indigenous nutrient supply 
is z and the applied fertilizer is r. For a given 
input of r to a fraction f(z) dz of the field with 
indigenous supply between z and z +dz ,  the 
yield contribution from that portion of the field 
is Y(z, r)f(z)dz. Thus, the average yield over 
the whole field is the expected value over z of 
Y(z, r). Denoting this expected value by E z gives 

b 

Ez{Y(z, r)} = j Y(z, r)f(z) dz. (2) 

g ,  

a 

and the total yield is obtained by multiplying this 
quantity by the fixed area of the field. 

A significant portion of the applied nutrient, 
however, is often made unavailable to the crop 
by immobilization or fixation, or losses by leach- 
ing and other pathways. If the function u(r) 
quantifies the relationship between the increase 
in plant-available nutrient supply and the 
amount of applied nutrient, then the yield from a 
heterogeneous field is 

b 

Ez{Y(z, r)} = f Y(z, u(r))f(z)dz . 
a 

(3) 

The relationship u(r) can be derived from field 
experiments concerning FUE, but it must be 
valid over the range in z that is integrated in 
equation (3). 

Cotton response to soil and fertilizer potassium 

On irrigated soils derived from granitic alluvium 
in the San Joaquin Valley of California, yields of 
cotton (Gossypium hirsutum L.) are often se- 
verely limited by late-season K deficiency. Due 
to the large K fixation capacity of these ver- 
miculitic soils [15], fertilizer-K exceeding 



1400 kg ha - t  is sometimes required to achieve 
maximum seed-cotton yield [4]. The indigenous 
K supply, z, is most accurately reflected by a 
soil-test index that measures solution-phase K + 
concentrat ion (SPK, in m g K L - ~ ) ,  and the in- 
crease in SPK from fertilizer addition can be 
predicted from an adsorption isotherm [5]. Seed- 
cotton yield follows a Mitscherlich response in 
relation to SPK [3]. Data from a survey study 
that included 38 observations from farmers' 
fields [5] provide the following response function 
for seed-cotton yield Y (kgha  -1) in relation to 
SPK of the surface 0 to 0.2 m layer (fig. la) 

Y = 4940(1 - 0.835 e-O535SPK)  . (4) 

Based on data from the adsorption isotherm 
(Fig. lb) ,  the relationship between SPK and the 
fertilizer input r is 

SPK = e l" z+O.OO13r = Z e 00013r , (5 )  

assuming that the applied K is uniformly mixed 
in a surface soil mass of 2 × 106 kg ha-~. 

To run the model,  a m e a n  indigeneous K 
supply of Z = 1 . 2 m g K L  -1 was specified. In a 
homogeneous  field, this SPK value predicts a 
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Fig. la. Seed cotton yield in relation to mean soil solution 
K + concentration of three fields that differ in uniformity of 
native soil-K levels. In all three fields, mean soil solution K + 
concentration is 1.2mgKL -~ without added fertilizer-K 
(fields A, C, and D in Table 1), and the K input requirement 
from a uniform rate of fertilizer-K addition is shown on the 
lower abscissa. Data modifed from [3, 5]. 
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Fig. lb .  Relationship between the natural logarithm of soil 
solution K + concentration and the rate of fertilizer-K addi- 
tion to a vermiculitic surface soil. Fertilizer-K addition levels 
are based on the assumption that applied K is uniformly 
incorporated in the 0 to 15cm surface layer containing 
2 x 106 kg soil ha -1. Data modified from [5]. 

yield that is 56% of the maximum by equation 
(4). Yield was evaluated in hypothetical fields 
with heterogeneity in indigenous SPK specified 
to range from 0.5 to 1 . g m g K L  -l. This range 
was selected because such variation in SPK oc- 
curs in K-deficient fields of the San Joaquin 
Valley [4]. The function u(r) is the increase in 
SPK from a fertilizer application of r, and is 
equal to z(e °°°13r- 1). Seed-cotton yield at any 
point in a heterogeneous field is estimated by 
combining equations (4) and (5) as 

Y(z, u(r)) 

= 4940(1 - 0.835 exp(-0 .535 e In z+0 00~3~)) 

(6) 

Effects of heterogeneity can then be evaluated 
by equation (3). 

Crop response to soil and fertilizer nitrogen 

Grain yield response of irrigated 'Anza'  wheat 
(Triticum aestivum L.) to preplant N rates of 0, 
60, 120, 180, and 240 kg N ha -1 was determined 
at three locations in California [8]. The response 
was similar across sites and followed a Mitscher- 
lich function. Yield was closely related to the 
total accumulation of N in aboveground biomass 
measured at maturity (TPN, k g N  ha -1) as fol- 
lows (Fig. 2a): 
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Fig. 2a. Grain yield of 'Anza' wheat in relation to total N 
accumulation in aboveground biomass at maturity from ex- 
periments conducted at three locations in California that are 
distinguished by separate symbols in the figure. Differences 
in total plant N reflect preplant N-rate treatments ranging 
from 0 to 240kgNha -~ at each location, and the yield 
response was similar across sites. Data from [8]. 

Y = 7830(1 - 1.43 e 0.015TPN) . (7) 

The effect of fertilizer N (denoted r) on TPN was 
described by the regression of TPN on N rate 
(Fig. 2b) as 

TPN = 52.0 + 0.63r - 1.5(10-4)r 2 (8) 

so that the effective N uptake from fertilizer, 
u(r), can be estimated at a specified N rate by 
the linear and quadratic terms of this relation- 
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Fig. 2b. Apparent fertilizer-N uptake efficiency of 'Anza' 
wheat at three locations based on regression of total plant N 
accumulation in aboveground biomass on the rate of preplant 
N addition. Data from [8]. 

ship. The indigenous nutrient supply z is the 
crop N derived from soil resources. Thus, yield 
at any point in a heterogeneous field with a 
specified fertilizer input can be estimated by 
combining equations (7) and (8) to give 

IZ(z, u(r)) 

= 7830(1 - 1.43 e 0 .015(z  + 0 . 6 2 r - 1 . 5 ( 1 0  4) / ,2) )  

(9) 

This can be evaluated over variation in z by 
equation (3). 

Response of irrigated lowland rice (Oryza 
sativa L.) was evaluated in a similar fashion. 
Three separate experiments with the same design 
were conducted in large commercial production 
fields at the Jari Rice Project in the state of Para, 
Brazil (l°S latitude, 52 ° longitude) located along 
the floodplain of the Amazon River. Except for 
the imposed N-level treatments, all field oper- 
ations in the experimental area were identical to 
management  in the surrounding commercial 
fields. In each experiment, N-rate treatments of 
0, 30, 60, 90, 120, 150, and 1 8 0 k g Nh a  -1 were 
arranged in a randomized complete block design 
with three replicates. Nitrogen was applied in 
equal splits as urea at early tillering and at 
panicle initiation. At physiological maturity, all 
plants were cut at t h e  soil surface, grain 
threshed, and grain and straw plus chaff oven- 
dried for yield determination and total N 
analysis. 

Rice grain yield response to fertilizer-N best 
fitted a quadratic function. Reduced yield at 
higher fertilizer-N levels resulted from lodging 
during the grain filling period when intense rains 
often occurred. Yield (kgha  -1) was closely re- 
lated to total aboveground N accumulation at 
maturity (TPN, k g N h a  -1) by the quadratic 
formula 

Y = - 1261 + 127TPN - 0.58TPN a . (10) 

This response was similar for the three produc- 
tion fields in which the experiment was con- 
ducted although the soil-N supply varied from 35 
to 55 kg N ha i as reflected by the TPN of treat- 
ments without fertilizer-N addition (Fig. 3a). 
The influence of applied N on TPN of rice was 



represented by the quadratic relationship (Fig. 
3b) 

TPN = 49.4 + 0.50r - 4.2(10 4 ) r 2 ,  (11) 

and thus the effective N uptake from fertilizer is 
est imated by u(r) = 0.50r - 4 .2(10-4)r  2. Evalua- 
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Fig. 3a. Grain yield of irrigated rice in relation to total N 
accumulation in aboveground biomass at maturity. Differ- 
ences in total plant N reflect N-rate treatments ranging from 
0 to 180 kg N ha 1, and symbols represent treatment means 
from three separate experiments conducted in different pro- 
duction fields located at the same farm. 
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Fig. 3b.  Apparent fertilizer-N uptake efficiency of irrigated 
rice based on regression of total plant N accumulation in 
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experiments shown in Figure 3a. Pooling of data was justified 
because the slopes were comparable for the three experi- 
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Fig. 3c. Model output predicting grain yield of irrigated rice 
in relation to fertilizer-N addition that is uniformly applied to 
fields which differ in the degree of uniformity in native soil-N 
supply (fields A, C, and D in Table 3). 

tion of yield over  variability in z is accomplished 
by combining equations (10) and (11) to give 

Y(z,  u(r)) = -1261 + 127(z + u(r)) 

- 0.58(z + u(r)) 2 (12) 

which is integrated over  the frequency distribu- 
tion of z as in equat ion (3). 

R e s u l t s  

Evaluation of  the Model 

Assume that the price per kg of yield is in- 
dependent  of the crop yield, Y, and denote this 
price by p.  Let  the cost per ha of fertilizer 
application be denoted c(r), where r is the fertil- 
izer level. If  fertilizer is to be applied uniformly, 
then the problem of choosing the level of fertil- 
izer that maximizes economic return is, in the 
model ,  equivalent to choosing the value of r that 
maximizes the quantity 

b 

J(r) = f pY(z ,  u(r))f(z) dz - c(r) . 
a 

(13) 

To  study the effects of spatial heterogeneity in 
indigenous nutrient supply on the optimal level 
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of fertilizer when a nutrient is applied uniformly, 
the ratio of nutrient cost to crop price is im- 
portant. For this paper, however, the object is 
simply to study the effect of heterogeneity on 
economic yield and output/input ratios for a 
given level of applied nutrient. That is, for a 
fertilizer input r, the quantity J(r) above is the 
economic yield from a heterogeneous field where 
fertilizer is applied uniformly. By contrast, the 
economic yield obtained from a homogeneous 
field with the same mean indigenous nutrient 
supply is given by 

Jo(r) = pY(Y, u(r)) - c(r) . (14) 

The difference between Jo(r) and J(r) gives an 
indication of the loss in economic yield due to 
soil heterogeneity. By denoting the yield from a 
heterogeneous field as the expected value in 
equation (3), the difference between Jo(r) and 
J(r) is: 

Jo(r) - J(r) = p[ Y(£,  u(r)) - { Y(z ,  u(r)) } ] . 

(15) 

At any fixed price for the produced commodity, 
the decrease in economic return that results from 
soil heterogeneity depends solely on the differ- 
ence in yield between the homogeneous and 
heterogeneous field, both receiving an equivalent 
input of fertilizer which is uniformly applied. We 
will therefore focus our attention on the effects 
of spatial variability, quantified by the distribu- 
tion f (z)  of indigenous nutrient supply, on the 
difference between Y(£, u(r)) and 
Ez{ V(z ,  u(r))}.  

Let D(r) denote this difference, that is 

D(r) = Y(Z,  u(r)) - Ez{Y(z ,  u(r))}, (16) 

It is immediately evident, from the basic integral 
formulas for the two quantities in this difference, 
that spatial variability only affects yield to the 
extent that the yield response is nonlinear in 
relation to z. Likewise, if the total nutrient 
supply from indigenous resources and fertilizer 
input are so low that the crop response to the 
applied nutrient is mostly linear, then spatial 
heterogeneity would have little effect on yield. 

We can determine how the distribution f(z) of 
the native soil-nutrient level affects the overall 
yield difference Dr{Y(z  , u(r))} for a given appli- 
cation rate r by expanding the yield function 
Y(z, u(r)) in a Taylor series about the mean 
native soil nutrient level z. This expansion yields 

Y(z, u(r))= Y(7., u(r)) 

+ Y'(i., u(r))(z - ~) 

1 + ~ Y"(£, u(r))(z - £)2 

lit -- q- -6 Y (z ,  u ( r ) ) ( z  - ~ ) 3  - J r - . . .  

(17) 

where Y', Y", and Y"' are the first, second, and 
third derivatives of the yield function with re- 
spect to z and the ellipsis denotes terms of 
degree four or higher in F(z - Z). Equation (17) 
may be substituted into equation (16) for the 
difference D(r) between the expected yield of a 
homogeneous field and a heterogeneous field, 
both with the same £. Making this substitution, 
performing the integrations, and doing some 
algebra yields the following equation: 

D(r)= _[1 y,,(2, u(r))var{z} 
1 u(r))ix3{z}l + V'"(Z, + . . .  ( i s )  

where vat{z} is the variance of the distribution 
f (z)  and /x3{z } is the third moment of the dis- 
tribution f(z) ,  which is a measure of its skew- 
ness. Thus, if the distribution f(z)  is symmetrical 
about the mean so that skewness is zero, then 
the yield difference D(r) between a homoge- 
neous and heterogeneous field that both receive 
a uniformly applied nutrient is approximately 
proportional to the variance in the distribution 
f (z)  of the indigenous nutrient supply. If the 
distribution f(z)  is skewed, then the difference 
D(r) is either augmented or reduced depending 
on the signs of the skewness and the second and 
third derivatives. Since the yield response func- 
tions Y are analytic, they possess uniformly con- 
vergent Taylor series so that effects of the higher 
derivatives will be relatively small. 
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Application of the model 

The equations given in the preceding subsection, 
together with equation 16 for the differential 
yield D(r) and the crop response function to 
total nutrient supply from soil and fertilizer, 
specify the behavior of the model for a given 
indigenous nutrient distribution f(z) and fertil- 
izer input r. Specifying f(z), u(r), and Y(z, u(r)) 
completely specifies the model. To perform an 
analysis of the model, it was judged desirable to 
pick simple, schematic forms for the distribution 
f(z), and then for each function f(z), to observe 
the behavior of the model over a range of values 
of r. The Taylor expansion formula for D(r) 
given in the preceding section shows that D(r) 
depends on the distribution f(z) through its sec- 
ond and higher moments. For this reason, the 
form chosen for f(z) is a simple two point dis- 
tribution in which all of the 'probability mass' is 
concentrated at two indigenous nutrient supply 
values, one above the mean and one below the 
mean. The variance and skewness of this dis- 
tribution are determined by the spread and rela- 
tive mass concentration of the two points as 
illustrated in Figure 4. 

This simple form for the function f(z) clearly 
does not represent the form that such a dis- 
tribution would take in a real field. It does, 
however, provide a simplified representation of 
the primary factors, variance and skewness, con- 
trolling the effect of this distribution on yield. 
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Fig. 4. Schematic diagram representing the two-point prob- 
ability distribution mass fequency in native soil-nutrient 
levels used to evaluate crop response to applied fertilizer- 
nutrient in nonuniform fields. 

Although the model is valid tor evaluating more 
complex spatial distributions of soil heterogene- 
ity, this simple two-point distribution of z is 
more useful for a comparative analysis of soil 
heterogeneity effects on yield and FUE when a 
nutrient is applied uniformly over the entire 
field, or precisely applied at different input levels 
to achieve an equivalent yield in each location 
within the field. 

Soil heterogeneity and cotton response to 
potassium 

When the model is used to evaluate the K re- 
sponse of cotton on a K-fixing soil, heterogeneity 
in indigenous K supply results in decreased yield 
whenever soil K availability in any portion of the 
field is below the threshold required for near- 
maximum yield. With a mean indigenous SPK of 
1 . 2 m g K L  -~ specified for the whole field, the 
yield penalty from heterogeneity increases with 
greater variance in indigenous nutrient supply 
when K fertilizer is applied uniformly (Fig. la). 

In accord with the Taylor series expansion 
(equation 18), the magnitude of the second mo- 
ment, or variance, in indigenous K supply has 
the greatest impact on seed cotton yield, and 
therefore also on the fertilizer-K requirement. 
This is illustrated by calculating the fertilizer-K 
requirement for hypothetical fields with the same 
mean native soil-K level but with a range in 
variance of indigenous K and targeted yield 
levels (Table 1). For example, when fertilizer-K 
is applied at a uniform rate to achieve a yield 
that is 85% of the maximum, the K input re- 
quirement increases by 3%, 11%, and 27% due 
to increased variance in indigenous K supply as 
the CV increases from 17%, to 33%, to 50% of 
the mean, respectively. 

The spatial structure of heterogeneity in in- 
digenous K supply influences the K requirement 
because the cotton yield response to K supply is 
a nonlinear function (equation 4), with the skew- 
ness of the distribution f(z) represented by the 
term ].-/-3 in the Taylor expansion series of equa- 
tion 18. With a negatively skewed distribution 
such that a greater proportion of the field area 
has an indigenous K supply greater than the 
mean (Fig. 4), the K input requirement is further 
increased above the requirement for a field with 
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Table 1. Influence of field variance and skewness in native soil K supply and method of K application on 
and fertilizer-K utilization efficiency at three specified levels of relative seed cotton yield t 

the K input requirement 

Field Soil K uniformity *+ K Fertilizer requirement 
Fertilizer 

mean variance (CV%) skewness Application --relative yield level-- 
method *+* 75% 85% 95% 

AYield/K input ratio 

--relative yield level-- 
75% 85% 95% 

. . . . . . . . . . . . . .  mgKL -1 . . . . . . . . . . . . . .  
~A 1.20 0 0 uniform 
B 1.20 0.04 (17) 0 uniform 

precise 
C 1.20 0.16 (33) 0 uniform 

precise 
D 1.20 0.36 (50) 0 uniform 

precise 
E 1.20 0.16 (33) -1.16 uniform 

precise 
F 1.20 0.16 (33) +1.16 uniform 

precise 

. . . . . . . .  kgKha -1 . . . . . . . . . . . . . . .  kg kg -1 . . . . . .  
484 754 1134 1.93 1.90 1.70 
497 773 1164 1.91 1.87 1.65 
495 765 1145 1.92 1.89 1.69 
539 835 1264 1.83 1.77 1.56 
529 800 1179 1.86 1.85 1.67 
624 961 1454 1.68 1.61 1.40 
594 865 1245 1.77 1.78 1.64 
551 862 1354 1.80 1.72 1.46 
548 818 1198 1.81 1.81 1.65 
531 818 1224 1.85 1.80 1.61 
519 790 1170 1.89 1.87 1.68 

+Maximum yield represents a 100% relative yield, and is estimated by the asymptote of equation 4. 
ttsoil K supply is considered to be the solution-phase K + concentration in the 0-20 cm topsoil. 
tttFertilizer-K applied and incorporated uniformly across the field (uniform), or precisely adjusted (precise) to achieve the 
specified relative yield level in each portion of the heterogeneous field. 

normal ly  distributed variation in soil K (field E 
versus field C, Table 1). Conversely,  positive 
skewness at tenuates the negative impact of the 
pure  variance effect. This is due to the opposite 
signs of the second and third derivatives of the 
Mitscherlich yield response. 

As the fertilizer-K requirement  increases due 
to greater  heterogenei ty  in indigenous K supply, 
there is a decline in F U E  as reflected in the 
Ayield/2~K input ratio (Table 1). Graphic  depic- 
tion of the relationship between the degree of 
variat ion in indigenous K supply and the relative 
F U E ,  where 1.0 represents the Ayield/2xK input 
ratio f rom a uniform application of K fertilizer to 
a homogeneous  field, is presented in Figure 5a. 

The  ability to apply K at variable rates that 
precisely match the input requirement  of each 
location is a heterogeneous  field substantially 
reduces the K input requirement  of the whole 
field compared  to a uniform K application, but 
precision application does not completely over- 
come the negative effects of heterogeneity 
(Table  1). This penalty in fertilizer-K require- 
ment  and F U E  (Fig. 5a), even when K inputs are 
precision-applied,  results from the strong K fixa- 
tion character  of these vermiculitic soils (Fig. 
lb) .  Relatively more  of the applied K is fixed in 
unavailable forms in areas of the field with in- 
digenous K supply below the mean,  while the 

benefit  of less K fixation in areas with indigenous 
K supply above the mean is reduced by the 
diminishing return nature of the Mitscherlich 
yield response to K supply. The economic cost 
that  results f rom uniform fertilizer-K application 
to a heterogeneous field is therefore overesti- 
ma ted  when this cost is based on the difference 
in K input requirements  of the homogeneous  and 
heterogeneous  fields. The appropriate  com- 
parison is between the nutrient input require- 
ments  of uniform versus precision application 
methods  to a heterogeneous field. 

Soil heterogeneity and wheat response to 
nitrogen 

Like the cotton response to K, wheat response to 
N supply also followed a Mitscherlich function 
with a defined yield plateau (Fig. 2a). The model 
predicts that the effects of variance and skewness 
in indigenous N supply on the fertilizer-N re- 
quirement  (Table 2) follow similar trends as in 
the cotton example.  The magnitude of the effects 
of  heterogenei ty on the wheat  response, how- 
ever,  was much smaller at comparable  levels of 
variance and skewness. For wheat,  the mean 
soil-N supply was specified at 75 kg N ha -1 which 
produces a grain yield in a uniform field that is 
54% of maximum (equation 7), versus a 56% 
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Fig. 5(a-c). Model output predicting the effect of heterogeneity in native soil-nutrient supply on the relative fertilizer-nutrient 
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wheat (Fig. 5b), and rice (Fig. 5c), respectively. 
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Table 2. Influence of field variance and skewness in native soil N supply and method of N application on the N input requirement 
and fertilizer-N utilization efficiency at three specified levels of relative wheat grain yield ~ 

Soil N uniformity tt Fertilizer N Fertilizer requirement AYield/N input ratio 
Application 

Field mean variance (CV%) skewness  method m --relative yield level . . . .  relative yield level-- 
75% 85% 95% 75% 85% 95% 

kgNha 1 . . . .  kg_ N ha-Z . . . . . . . . .  kg kg-1 . . . .  
A 75 0 0 uniform 67 125 255 24.8 19.6 12.7 
B 75 144 (16) 0 uniform 69 127 257 25.0 19.8 12.8 

precise 68 125 255 25.6 20.1 12.9 
C 75 576 (32) 0 uniform 74 132 263 25.6 20.3 13.2 

precise 68 126 256 28.1 21.5 13.6 
D 75 1296 (48) 0 uniform 83 141 272 26.7 21.2 13.9 

precise 68 126 256 32.4 23.8 14.7 
E 75 576 (32) -1.16 uniform 76 133 264 25.7 20.5 13.3 

precise 68 126 256 28.7 21.7 13.7 
F 75 576 (32) + 1.16 uniform 74 131 262 25.5 20.2 13.1 

precise 68 126 256 27.7 21.2 13.5 

tMaximum yield represents a 100% relative yield that is estimated by the asymptote of equation 7. 
t'Native soil N supply is considered to be the total N accumulation in aboveground wheat biomass at maturity from soil without 
fertilizer-N addition. 
tttFertilizer-N applied and incorporated uniformly across the field (uniform), or precisely adjusted (precise) to achieve the 
specified relative yield level in each portion of the heterogeneous field. 

relative yield in a uniform field without fertilizer- 
K addition for the cotton example in Table 1 and 
Figure la .  

Less sensitivity of the wheat  N response to soil 
heterogenei ty  reflects the relatively high fertil- 
izer-N uptake  efficiency which was mostly linear 
over  a wide range of N input levels (Fig. 2b). 
The  strong linear character of this response also 
results in greater  F U E  as the degree of hetero- 
geneity in indigenous N supply increases (Table 
2 and Fig. 5b) because there is a greater  Ayield/ 
AN input ratio in areas where indigenous N is 
below the mean  of the whole field, and this 
increase more  than compensates  for the smaller 
Ayield/AN input ratio in areas with indigenous N 
supply above the whole-field mean.  Thus, F U E  
increases as heterogenei ty  increases in the wheat  
example.  This trend is opposite the prediction 
f rom the cotton K-response (Fig. 5a) where soil 
fixation of applied K makes  the net increase in K 
supply extremely dynamic with respect to the 
initial indigenous soil K value (fig. lb) .  

Also in contrast  to the K response of cotton, 
precision application of fertilizer-N to wheat  
nearly eliminates the effect of heterogeneity on 
the fertilizer-N input requirement  (Table 2). The 
greater  efficacy of precision N application in the 
wheat  system is again a result of the mostly 

linear relationship between crop N uptake and N 
input levels, and the assumption that this rela- 
tionship holds over the range of indigenous N 
supply values specified in the evaluation. 

Soil heterogeneity and rice response to nitrogen 

The  parabolic response of rice yield to N supply 
(Fig. 3a) is an empirical relationship that accom- 
modates  the observed yield reductions due to 
lodging when the N supply exceeds an optimal 
level. Because the quadratic yield response does 
not have a third derivative, the predicted yield 
difference between homogeneous  and heteroge- 
neous fields at any level of applied N is a con- 
stant value that depends entirely on the mag- 
nitude of the variance in indigenous N supply 
(Fig. 3c). 

Effects of heterogeneity on the N response of 
rice were evaluated over a range in variance of 
indigenous supply (Table 3) that is comparable  
to the wheat  and cotton examples.  Likewise, the 
mean  indigenous N supply of the whole-field was 
specified at 42kg  N ha -~ which gives a relative 
rice yield that  is 54% of maximum in a homoge-  
neous field without applied N, similar to the 
relative yields of unfertilized wheat and cotton in 
the previous examples.  
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Table 3. Influence of field variance in native soil N supply and method of N application on the N input requirement and 
fertilizer-N utilization efficiency at three specified levels of relative rice grain yield t 

Field N Fertilizer requirement A Yield/N input ratio 
Soil N uniformity +t Fertilizer 

Application ---relat ive yield level . . . . . .  relative yield leve l - - -  
mean variance (CV%) method ttt 75% 85% 95% 75% 85% 95% 

- - - k g N h a  -I kgNha -1 . . . . . . . . . . .  kgkg 1 
A 42 0 uniform 37.5 62.0 99.6 32.9 29.1 23.9 
B 42 49 (17) uniform 38.6 63.4 102.4 32.7 28.9 23.5 

precise 37.7 62.2 100.0 33.5 29.5 24.0 
C 42 196 (33) uniform 41.8 67.9 111.8 32.2 28.3 22.3 

precise 38.3 62.9 100.9 35.2 30.5 24.7 
D 42 441 (50) uniform 47.5 76.1 137.1 31.3 27.1 19.2 

precise 39.0 64.1 102.3 38.2 32.1 25.7 

tMaximum yield represents a 100% relative yield and is estimated by the first derivative of the quadratic yield response to N 
supply when AYield/ATPN = 0 in equation 10. 
ttNative soil N supply is considered to be the total N accumulation in aboveground rice biomass at maturity from soil without 
fertilizer-N addition. 
tttFertilizer-N applied and incorporated uniformly across the field (uniform), or precisely adjusted (precise) to achieve the 
specified relative yield level in each portion of the heterogeneous field. 

Increasing the magnitude of variance in in- 
digenous N supply results in a substantial in- 
crease in the N input requirement  when N is 
applied uniformly to the whole field (Table 3). 
Precision application overcomes most  of the in- 
crease in fertilizer-N requirement  due to soil 
heterogenei ty ,  but precision application is some- 
what less effective than in the wheat example.  
This difference reflects the lower nitrogen F U E  
of rice as reflected by a smaller linear coefficient 
and a larger quadratic coefficient in the relation- 
ship between N accumulation and N input level 
(fig. 3b versus Fig. 2b). 

Reduced  fertilizer-N uptake efficiency by rice 
and a parabolic yield response to N supply 
causes opposing trends in F U E  for uniform ver- 
sus precision application to heterogeneous fields 
(Table  3 and Fig. 5c). As the variance in indigen- 
ous N supply increases, F U E  decreases relative 
to a homogeneous  field when N inputs are ap- 
plied uniformly to the entire field. This trend is 
reversed with precision application. These op- 
posing trends increase the relative difference in 
F U E  for precision versus uniform N application 
methods  to rice considerably more than in the 
wheat  case study (Fig. 5c versus Fig. 5b). 

Discussion 

To reduce the costs that result f rom greater  
nutrient  input requirements of heterogeneous 

fields, three general strategies could be em- 
ployed: (1) fields could be subdivided to reduce 
soil variability within subunits, each of which is 
managed  uniformly; (2) technologies could be 
introduced that increase the overall efficiency of 
input utilization while adhering to uniform man- 
agement  of the whole field; (3) input levels could 
be applied at variables rates, precisely calibrated 
to optimize productivity and minimize input re- 
quirements  at each location in the field. Each of 
these strategies is likely to require investment in 
capital improvements ,  specialized equipment,  
and /o r  greater  labor costs, and thus a method is 
needed to compare  the cost-effectiveness of 
these options. 

The basis for these comparisons is the estima- 
tion of yield f rom a heterogeneous field that 
receives an input applied at a uniform rate. For a 
fertilizer-nutrient, this yield estimate requires 
specifying (1) the yield response function to the 
total nutrient supply including the contribution 
f rom soil and fertilizer, (2) the relationship be- 
tween the quantity of applied nutrient and the 
net increase in plant-available nutrient supply, 
and (3) the frequency distribution of indigenous 
nutrient supply in the field. 

The nutrient supply pa ramete r  can be directly 
quantified as crop nutrient uptake,  as in the 
wheat  and rice N-response examples,  or indirect- 
ly as a soil-test index that is well correlated with 
crop yield response. In the cotton example,  a 
soil-test K index was used as the indicator of 
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nutrient supply, similar to the approach taken by 
Ndiaye and Yost [14] in their evaluation of 
nonuniformity in fertilizer-K application and ef- 
fects on crop response. 

Whether based on a direct or indirect measure 
of nutrient supply, it is assumed in the model 
that the relationship between the net increase in 
plant-available nutrient supply and nutrient input 
level is valid at all locations within the field. 
Another assumption is that the yield potential 
and the yield response function to nutrient sup- 
ply is equivalent in all areas of a heterogeneous 
field. Both assumptions imply that indigenous 
nutrient supply is the only difference associated 
with soil heterogeneity, which is of course, a 
gross simplification. Where soil heterogeneity re- 
sults from substantial differences in soil texture, 
profile depth, or mineralogy, the above assump- 
tions are not likely to be valid. In the wheat- and 
rice-N response examples, however, the slope of 
the relationship between plant N uptake and N 
input level was found to be similar across loca- 
tions (fig. 2b) and fields (Fig. 3b) indicating that 
use of a single function may be justified in some 
cases. 

Differences in the yield response function to 
nutrient supply and in the yield potential due to 
soil properties other than indigenous nutrient 
supply could be accommodated in the model if 
the relationship between these auxiliary factors 
and indigenous nutrient supply can be defined 
with reasonable precision. For example, differ- 
ences in soil texture, organic matter content, and 
indigenous soil N supply are often closely related 
[2, 12]. In rainfed systems, soil texture and or- 
ganic matter content largely govern water stor- 
age capacity and may therefore influence yield 
potential. Knowledge of the quantitative rela- 
tionship among indigenous N supply, soil water- 
holding capacity, and yield potential could be 
incorporated in the model to adjust the yield 
response function with respect to these interac- 
tions. 

Despite potential limitations of the assump- 
tions in the model, evaluation of three case 
studies from irrigated systems emphasizes the 
dynamic interactions among variables governing 
crop response to nutrient inputs that are uni- 
formly applied to heterogeneous fields. The mag- 
nitude of the predicted effect of heterogeneity on 

the nutrient input requirement of the whole field 
depends on interactions among (1) the mathe- 
matical form of the response function Y(z, u(r)), 
(2) the degree and spatial structure of the het- 
erogeneity in indigenous nutrient supply as quan- 
tified by its variance, skewness, and possibly 
higher order moments of the response function, 
(3) the efficacy of fertilizer-nutrient addition as 
determined by u(r) and the quantity of applied 
nutrient, and (4) the targeted yield level. 

In each of the case studies, the model predicts 
that the nutrient input requirements of the whole 
field increases with greater heterogeneity in soil 
nutrient supply, and this increased requirement 
is greatest at higher targeted yield levels and 
when fertilizer uptake efficiency is low. Indeed, 
technologies that increase nutrient uptake ef- 
ficiency, such as banding or split applications, 
provide one option for reducing the adverse 
effects of soil heterogeneity on the nutrient input 
requirement. For example, increasing the linear 
coefficient of the relationship between rice N 
uptake and fertilizer-N input by 15%, from 0.50 
to 0.575 (Fig. 3b), reduces the difference in N 
input requirement between homogeneous and 
heterogeneous fields by 20% when N is applied 
uniformly and the CV of indigenous N supply is 
33 to 50%. 

The cost benefit from precision application of 
fertilizer, however, will depend on the difference 
in the FUE of precise versus uniform application 
methods. This difference determines the 
economic return expected from precision appli- 
cation with specified unit prices for the com- 
modity produced and the fertilizer-nutrient. Pre- 
diction of output/input ratios by the model for 
the three case studies indicates complex interac- 
tions among the factors governing crop response 
to applied nutrients in a heterogeneous field. In 
one case, the model predicts that the relative 
benefit of precise N application to wheat is great- 
est at lower relative yield levels although the 
FUE increases as variance in indigenous nutrient 
supply increases regardless of yield target (Fig. 
5b, Table 2). By contrast, relative differences in 
FUE of the rice-N response are greatest at high- 
er relative yield levels, and FUE increases with 
increasing variance in indigenous N supply only 
when fertilizer-N is precision-applied (Fig. 5c, 
Table 3). In the cotton example where K fixation 



by the vermiculitic soil makes FUE extremely 
low, the output/input ratio declines with increas- 
ing soil heterogeneity regardless of K application 
method although precision application greatly 
reduces the effects of heterogeneity (Fig. 5a, 
Table 1). 

Justification for precision fertilizer-N applica- 
tion to match site-specific requirements may not 
depend on economic considerations alone, how- 
ever, when the potential for nitrate pollution of 
groundwater is a concern. Where the degree of 
soil heterogeneity in nutrient supply is large, 
uniform N application to achieve high relative 
yields may lead to excessive addition rates to 
areas of the field high in indigenous N supply, 
including residual N from a previous crop. In 
these areas, the potential for nitrate leaching 
could be much greater than expectations based 
on the mean soil-N supply of the whole field. 
The model framework we present for assessing 
crop response to fertilizer in a heterogeneous 
field could be modified to evaluate the effects of 
soil heterogeneity on nutrient leaching loses by 
the addition of submodels that predict the fate of 
applied N not utilized by the crop. 
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